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■  SUMHARI  BISCUSSIPSF  .  .  .  ' 

oii  PESFORMBSG  BIEAKT  JrdLElPLICAEEOi 
WITH  TEE  PEtJEST  POSSIBLE  ADDITIONS  >•••■' 

ABSTRACT 

.  Under  conventional  "binary  multiplication  procedures  an  addition,  (or, 
equivalently,  a  subtraction)  is  performed  for  each  non- zero  digit  of  the 
Multiplier  or  its  absolute  value,  and  the  statistically  expected  number- of 
additions  per  Multiplication  jls  one-half  the  number  of  these  dibits . 

This  discussion  develops  Boolean  functions  for  the  recursive  deilni'cion 
of  substitute  sets  of  multiplier  digits^  for  -which  the  numbers  of’  noa-i-eros 
are  irreducible  with  statistically  expected  values  very  near  oae-thijd  the 
number  of  digits  which  express  the  signed  multiplier  end  applies  ther  e 
functions  to  the  three  biiaiyuc ^presentations:  2*s  coaslcsient,  l*s 

compleaient'!  'and  magnitude  with  appended  sign. 


.....This  notesusciaariiseB  "briefly  a  formal  siudy  which  was  ;”begua  -early  in'? 
January  1957  arid  for  which  the  dref  t  of.;  a  foriital  report  va 3  completed  ,cin  , 

•  .,  i  'j'.i'ii,-  j'  ,  ■  .  \  '.ft,  5  .  '  l  W-*  ,  ■  -  f  i/''1.*'  ' 

25  January  1957-  •  '•••  i^\  ,A;.y-  A"%  '■  ■■.■•  'A'  Ay  ..  ...  <'• 

This  note  is  essentially  a  draft  .of  a  proposed  tain  of  approximately 
cae-tiwarter  hour  duration  which  is  intended,  for  presentation  at  the  -June 
1957  meeting  of  the  Association  for  Coeluting  Machinery.  •  ,  ' 
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v ..  .  Conventionally,  'biliary  multiplication  is  performed  by  recursively 
•'  executed  shifts  of  an  intermediate  product,  interspersed  with  additions  or 
Eubtra-ctions.  The  choice  between  whether  or  not  an  addition  or  subtraction 
.-  'V  is  performed.- is  governed  by.  which  of  two  values ,  O  or  1,  is  held  by  each  • 

%  momentarily  examined  digit  /of  the  multiplier/  .end  the,  choice  between-  adding  .. 
.  and  i  Stbtractihg  is  governed  by  corisiderationsiof  nirnbeiy  representation  and*, 
multiplier  sign.i  ' : ; •’  '  •  >  '  #%? :/  •" 


H 


>. :?  * 1 


This  discussion  briefly .  stmnsarizfes  a  rigorous  and  more  lengthy  ■  argunsaat 
yhibh derives  for.  ee,ch  of  the  three  haoiin  representatioiis  for  binary  data 
r  (2,s6  ;0c^lement>*  l®s-  cbniale3sn.t,  and  E&gnitude  with  appended  sign)  a  set  of 
,  replaces^tiiaultipller  digits  which  admit  the  three  values  -1,  07  and  +1  and  ' 
...  for  which  the  hus&er  of  non-zeros  is  irreducible.  ’ 
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,i  j  .-  ,  iEEjediately  apparent;  is  the  application  to  perforating  binary  jaai'tlplieatica 

..with  the  fewest  possible  additions  and  subtractions,  and  hence  in  minimum  ■  • 

1  :  tiros* there  exists  •'i&e  'siaodficaat'  reservation  that  this  discussion  is-. 

I  not  coheemed  iriyi  reducing  the. number  of  requiredshifts,  nor  iTith  poesible 
^interplay  of  shifting  action  wit&  addition  and  subtraction. 

■  ''*■  Ibiroughout  this  discussion  the  three-valued  digits  are  referred  -to  as'' '"J  v  *; 

•  ,  ^coeffic tents"  to  disSfeln/^[ish  them  from  two- valued  •' digits”.  -  . '  ' 

j;  ;  ibiat  the  coefficients  admit  three  values  introduces,  per  so.  no  Serious 
,  design  problem,  for  the  association  of  sign  with  any  coefficient,  ox*  with  the 
'  entire  multiplier  itself,  corresponds  sinply  to  a  .selection  between  adding 
‘.  and  subtracting  during  the  multiplication -process.  ■ 

,  Throughout  this  discussion  the  multiplier  .is  considered  to  be  an  integer. 

t  h-  ■  •  V  I  . 

•  This  is  done  strictly  for  notaticnal  convenience.  It  is  not  inconsistent  with 
i  conventional  scaling  of  data  to  lie  in  the  range  from  -1  to  +1,  for  shifting 

;the  radix  point  has  nO  effect  vg>on  the  values  held  by  the  individual  ecef- 
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Initially  this  discussion',';  is  concerned  with  non-negative  integer  - 

■»•  (Multipliers- A.  and  II  which  are  defined  ‘la  Fig..  1  in  terras  of  'n+i-  digits  a.. 

.  ..  .  .  /a  •  <  n  ..•  ■••..!”  . ....  •  f  ■ :  1 

iijPM  c^fficieats^j,  vhichfara  restricted  to  lie  in  the  exhibited  ranges; ■ " 
.;  'v;hehce  the^highesi  indexed  digit  and  the.  two  highest  -indexed  coefficients  are',. 
;  restricted  in  their  values  as  ;showa.  , ...  “  ,i;.  . 

Since  the:  sets  of  coefficients  -which,  define  two  .integers  of  equal  cagai- 
...  tu&e  end  Opposite  sign’ are  .reflated  to  each  ot^er  simply  by  the  inversion  of 
the  signs  of  the.aon-sqrcos,  ho  loss  of  generality  of.  application  is  occasioned 
by  restricting  the  argument  initially  to  non-negative-  multipliers;  and.  since 
the .  limiting  index  n  is  arbitrary,  the  range  restrictions  also  occasion  no 
'• '  Iocs  ..of  gencrclity.  :  •;  t.*,.  ' .  ...  ; 

>•’ ,  Ultimately,  for  each  of  .‘the  three  representations,  the  limiting  indent  n 
'■  will vbe  related  to  the  number  of  digits  by  which  the  signed  multiplier  is 


;  defined,  'and  the  a* s' will  be.  delated  to  the  non- sign  multiplier  digits,  with 
the  apparent  vacancy  in  the  digit  =  0  being  filled  by  the  sign  of  tile 
-...multiplier.'  ' 


■  The  orgisaaat  "begins  uil&.the  deinbastfatibn  of  the  procedure  for'  replacing 
the  as  g.  with  the  Vs.-,.'  ::A  'V' :  ":  .  *.  i  ■  : 

Vj.  -  '  ■'>2'  ...,.;  ■  .  ■  ■  -  .  '  ’  *. 

.Hie  ,  replacejaeht  is  accomplished  through’ tJae  identity  ,&&ibite&‘  in  FJ.g.  2  : 


*  :l;>.  '/The  'procedure \ls..  simply -.that  bf  repeatedly  applying- t^'ide&titjr  ip  the. 

| ..  lowest  indexed  chain  of :  two  Or  ;uore  consecutive  non-zeros  :uhtil  it  no  longer 
• ' .  can'  be ‘ applied.'  ‘  ;  .  '  - 

•  ■  •"  •"  ,  j»«h  -i  , 

!; v.  In  the  exas:«plea  the  identity  is  first  applied. to  the  c hsin  a9>  a.., 

-[  "  .  ■’  I  •  .r'l.  ■  *  1  (  •  .  '  .  ’  • 

I  .yielding  bg’  =  -1  and  b^  =  +l;.  next  it  is  applied  tc  the  chain  a^,  a q,  -yielding 
1,  =  -1.  and.  b^  =  +1;  it  is  significant  that  b^  then  combines  'with  ?-£& 

■.  to  form  the  asset  chain  affected,  and  here  the  identity  reverses  the  sign  of 
’.  and  yields  b^.  -  +1?  finally  the  chain  yields  V^' »  -1  and  b?g  » 

+l.  '  •  .'  .  '  ..  :'-f  ‘  -  .  '-  ;  ■';■/>  .  '«■  .  ■ 

The  properties  of  the  resulting  set  of  l»9s  are:  (l)  no  two  consecutively 

■  ^indexed  Vs.  are  both  non-zero;  (2)  they  are  uniauely : determined;  (p)  they  / 

A  contain  the  ininimuiB  possible  number  of  non-zeros;  (4)  ’they  are  recursively 

■  '.definable  from  hhowledge ^ essentially  only  of  the  aas;  and  (?).  if  each  a.  assumes 
the  values  .0  and  1  with  independent'  probability  l/2,  then  the  expected  number 

;  of  non-zero  Vs  is  very  close  'to  (n*l)/3>  •  •  •  „• 


] 


.Here  are  ,the  functions  by  which  the-  b*s  are  recursively  defined  in  terms  of 


I'  essentially  only  the  a-* s'.  The  4^s-ivtities;  \_and  7' are  transition  parameters/' 
•jyhich  .actoit:  the  , values.  0  and  1  and,  commencing: v/it  h  the'  initial  conditions 
.shown, Yearly  cthe  'recursion  through  consecutively  decreasing;.  values-  of  the 

!  index-: Indeed, ',  7  .  is.  the  absolute  value  of  .the .  coefficient  b  ,  and.  the 

*•  ..  J  •—  .  .  ’  •  ,'r  r  J 

sign  of  .t .  Is  fixed  by  the  factor  (l  -  2a  ,  ,  ).  The  stimulation  •  a  =  0 

if  -  -  J  ..  .  i:  :  «'  ■  j+1  .  n+1 

,;'is  trivial!^  necessary  to  provide  the  proper  sign  for  ti  -  V, 
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In,  concrete  ‘illustration  •  there  is  exhibited  in  Fig.  b,  for  the  particular 
case  n  »  5*  the  entire  family  of 2?  ~  32  sets  of  b's  which  correspond  to  the 

S  •  .  -t  ■  .*  s.--  /  r.  ■*.  ,/ 

2r_,  *  possible  s$bs  ofvass*  .  v,  .-  *:  •*".*  ■  \  '  H{ 

■  ".«  "  '?•  "J  '  •  »  -■  ‘  ./  •.‘■■'S'.  s  4  ‘  •  ■  *,  •’ 

;  7  •  CXearlySthe  ifloper  half  ofvthia  j  figure.  eirMbits  the  s&ks  illastratieh  for  , 

. -  ^  1‘  *  "*  ■  '■  .  /Vij,  '  v ’  *  *  ,  ‘  V  ■  "v\  .  '  *  r  rt:.’  •  •" 

•  n  W  h}  fthe  upper  quo-rter,  for  and  so  Sn.  And  by analogy.  the -figure  is  :1  , 

extensible  ixi  the  other  direction  to  .aeccsaapdate  higher ; values  cf  n.  " 

'  :«J  The  numbers'  Hj  are  defined. by  alternating  digits  0  and  1  arccag  the  a's,  1 
and  these,  arrays  define  the  truncated  binary  fractions  . l/3  and  2/3  when'  the  radix 

point. Is  located  adjacent  -to ‘a  :S  *•  ' 

-  ,.  ,  '  •;  •  '  ■:  ‘  .  0  "  :  .  .  •  f  '  ’  ,  ' 

.  Fob  a  =  5  the  coefficient  bc  has  nort-zero  value  for  and  only  for  tlie.‘ values 

■  ^  5  •,  '• 

of -  the  integer.  which  lie  between  and  2-1/  and  the  coefficient  has  . 
non- zero  value  for  and  only  for  the  values  ..of  the  integer  A_  which  lie  between 
and.  Except  Only  for  sign  changes,  the  '.table  repeats1  itself  in  halves, 
Quarters,  etc.  for  the  succeeding  lower  indexed  b ‘is,  and  therefore  the  number 
of  non-zeros  for  each  of  the  b*s  ii>  expressible.. as  a  function  of  the  corre¬ 
spondingly  indexed  H"s.  -u- 

4,  A  corresponding  argument  applies  for  any  n.,-- 

From-;  the  values  of  the  numbers  H.  (approximately  1/5  and  2 jo  ’■•hen  the 

'"  -  '  ■  i  -r  ,■  ..  J  ■  t  .  .  . 

radix  point  is  located  adjacent ; to  a .),  the  number  of  non- zeros  for  each  of 

.  n  J  •  w  -  ‘  .  i  ■ 

the  b8s.  is  close  to.  2  /5*  "i[-. 

'V-'  ..vf;/  .  '  ;  '  " .  ..  .  . 


:  /  ;{  n  ^ 


V  In,  Pig.  5  the’eaaict  nimbsa^of;  non- zero  coefficients' fpr:- any  inds j  or 
a.  io  exhibited  as.  IP.  and  P  . 

ri  .,•  • .  -  ••••'■»  ■  w\.  . 

>■  If;  each  digit ,:a  1  ascuross.! the  Value;  0  anl..!  v?ith  independent  probability 
1/2 ,,  then  each  of  the  £n  pOBslbls  .conibJ.natiQhs  ^of  valuer  among  the  a" s  occurs 
vitli  probability  2^?^  whence  expected  nuittbers  ofj  ton- zero 

:b4s?b}i'osa  ihdlcies  ^are ’less  than  oi1  equal  to  a  particular  infiexi.j  or  a,  are 
given  by  E,  and  S  :ia  this,  figure;.'  :  v  . 


■  .Toward  applying  the-' goollaa 'fraction?  .-to. tho  three  zmper  reprsseir' 

there  are  exhibited  in  jpig.  6;th3  definitions  and  ranges  of  -  signed  inter 
.  X^,  and.  XA  for  the  three  respective,  representations:  2.rs  coawXeiiant,  1: 
■/compleaient^  /and  Bjagnitu&e  with; hop-ended  sign.  ;  " 

*C-  In  all  three  cases  the-  integer  X  is.  .defined  .by  ah arbitrary  ntiiicar-, 
"..digits,  x^  which. adiait  the.  tup?- values  6  and  1-  with  the'  highest.  indexed '  6 
indicating  the  sigh  of  tue; -integer:'-  not  loss,  than  zero  if  Oy  and  hot  g: 
than, zero  if  1.  The  sign.  of.  the  integer .  zero  >ls  ajabJ.gu.ous .. only  in  the  I 
, two  aeationed  representations. ■•>.  ”•  •/  r 

;*  ■  .-it  regains  to  apply  the  foregoing  arguments  by  relating  n  to  W  and 
.  a*s  to. the  x’sr  ';- 
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Fig=  6. 
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Jot  Fis^  7  .the  integer*  definitiono  are .■  rephrased  to  fccrais,  acre  tractable 
;for  the  application  of  the  Boolean  functions..  For  the  l*sf  complement  case 


A 


;  ■ 


!  w  / *'?  %■  relationships between  a  andiW  are- ^ho;hii\  ^t:  isJ.E’ohhnt:irily  •  . 

j  »•  '•!  i-f.f,'  ‘4  • .  li.'.  ' -i  ••  ,  ;-1  ■■  ■-  -.tf  ' 

;  sisailfleant  that  ii  is  relatively'' one  higher  for  "the  2*s  ''coitolemeat  -case  th.au 


fift; 

v-r;, 


:.f  i -  t  .  {;■:■  ,3* 


-•*  , 
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[a 


'complement 


I  fc.  : 


for  the  other  twi>-  ;'«ases . 


v  ■ ;  In  nil  cases  the  a Is  are  jfefi$e&  as  the  respective  coefficients  of  21  in 
the  sumptions  shcwto  (the  rephrased  .  summations' -for  both  coimplesoant  representations ) 

For  the  magnitude  and' sigh' representation,  the  multiplication  procedure 
must  form  the  product  of1  two  positive  factors  ..and  append  the?  appropriate,. sign.- 
The  sign  of  the  product  'is  trivially  determined ..from  the  signs  of  the  factors, 

,,,  .  i;  ■  •’  !■'  ‘  •  ...  ■ 3'  .  .  *  -  •  .  ..  - 

and  therefore  the  entire  foregoing  argument  applies  directly  for  this  re-4 
presentation*:,-  ,  1  ■ '  . 
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For  hotlf  complement. arepresentatioas,  however,.  certain  adjustments  are 
.  necessary.  in.  the  Boolean . functions  because  the  sign  of  the  numerical  data' 


;  i  -  r  f.: 

:  i?  £ 


participates  mors  .intimately,  in.  the  ooiKbutational  procedures*  • 


r,<. 


v  $ 


^  i , 1 
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W\  FoE;.:.the:l®s,  complement:  representation  the  aailtiplier  has  been  rephrased ■: 
ilas  a  signed  magnitude,  whence  the  entire  foregoing  argument, becomes  directly  ; 
applicable  when  tfce^ Boolean, function  whi ch  affixes  the  signs  of  the  b°s  is, 
adjusteshto  accommodate  the  sigh  df.  the  multiplier.  ■ 
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For  the- 2* s  complement.,  representation-  the  tern  -x^^.2  in  the  rephrased 
definition  is  njomentarily.  disregarded,  and  the  b's  are  determined  fco*  the 
integer 'which  is  defined  by  the.  'remaining  sUBimation.  Ctonseq.uea.tly  one  more 
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coefficient  b  is  determined  thcui- there  were .  originally  digits  x,  and  the 


i  ■! 


coefficient  b^  .is  associated  with  the  same  power  (n)  of  2  as  is  the  ■  momentc-rily 


disregarded  digit  x. 
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Thro\:gh  a  slight  readoustment  in  the  Boolean  function 


:  wliicb.  establishes  the'  sign,  of  a  particular  one  of  the  b’s,  the  coefficient  b 


‘  -i 

t  1 
l  *> 

\  -i 


is  forced  to  have  the  same  value  as,  and  therefore  to  cancel,  the  now  recon- 
,  sidered  digit  The  nuaaber  ;of  r&aainiug  b9s  is  therefore  a  *  W-  which, 

indeed,  is  equal  to  the  original  number  of  digits  x . . 
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For  all  three  representations ,  then,  the  same  number  of  bss  are  developed. 
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.  ^.vi' .  -;-2^s.  rssuiti^'”&ol^n:^4itt^i6as  atfe*.  exhibited  iia  Fig.  87  Eers  the  Vs 

*,  :are' es^reased  recursively  as.  functions  o#;the;k?s  for  all  three  number 


•  ■  ,  repreSgaitatiOGs-.- 


.  ;-’jv  25g  coniolement  represeni^ticr  :vfci.i  the  previously,  exhibited  JSy'fcr  3  =  n-1  and 

for  the. other  tub  represeiiti?.tjjehs  from  the  Previously  exhibited *E  ;  • 
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i  Fig. .  9-  exihVbits  the  radios  of  these  ei:psystb«jL  tuEfoars rof,  uoh-sero  r^laceiri&th/f . 
coefficients  to  the  number  of  digits  which  express  the  sigaejl  J^t4piier> ;  Clearly 
these,  ratios  are  yerjj’  much  alike^ard  apprcac&i = -quite  closely  to  1/3  for  aliythree’v  •  ’ 
represehidtions  Mien  W-  assumes  the  value  of  a  coaveational  "nkaber  length!"  , 

;;/!;■  ihese  are"  the'  m5uiijnum-etP^Gtdd  ivicbers  of  additions  per  ■  •" .  j  •/■ 

multiplief  digit;  ;  *>  V  •  '  ■  v  ..t  ;'••/  •:  >y  ••-•  ’  v  ;  •'  .;'■••  '•  ;.  / 

:V  ;'  These.  <^q?ecte^ •hv.r.'terG^ !ave  Wt' tihiieadcii  foi' haive  iateipretatioav':. •■' 

“f  V  It  was. .earlier  acfechfLecigoa ’'that  :his  e.isciissio:h  is,  ret  .^nceTrnad  ivitii  .  •  *" 

potential  reductions  In  au’ltip3.iealtioa  time  tinncu«h  reducing.;  the  number  of  re¬ 
quired  shifts,  nor  through  possible  interplay  of  .shifting  action  with  adding.  ■  . 
and .  subtracting.. .  .  1  ' 

.Also,  the  definition  of  the  iaidependerace  of  the  probabilities  upon  which  •  ;■  ;••' 

the  expected  numbers:,  oxe  based  should  he- carefully  considered.  5Ms  assyi-phion.  t, 
is  ■  challenged  to  a  moderate  ■' degree  Toy  .  the  novmbdisatioa  of  flpating-rhdix  .. 
multipliers  and  hy’ the  scaling  of  vfixed-radix  iahltipliers  to  lie  coii'for’fcshiy  -  .  . 

vji'thin  the  permitted  range*  ‘  •  •••*/  :.  •  •, 

Yet>  to  the  considerable  extent  to  vhlch  the  intlepenoenco  assumption  is*-/  ■;  V 
valid,  these  expected  numbers  empress  a  measure  of  the  irdnim.ei  uruifcar  of  .  \ .  v  h;  < 
additions  and  subtractions  which  head  he  performed  par  multiplier  digit;  and 
to  the  extent  to  nhich,  multiplication  time  4s '  determined  hy.  the  number  of  1 

additions  jKnd  subtractions  which  are  performed,  they  ejcpress'a  measure  of  4-he  $  p‘; 

minimum  tims  in.  which  bijiary- mulitiplication  Is  peffoxmable/  '  -v^-  •  ..f 
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fig.  -9. 
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